Many biological responses require a dynamic range that is larger than standard bi-molecular interactions allow, yet have the ability to remain off at low input.
INTRODUCTION
Organisms need to respond to changes in their environment to survive. Response to these changes often involves complex signaling pathways that process information about the environment and directly or indirectly regulate protein concentration and activity. The enzyme kinetics that underlie cellular signaling are typically bimolecular, resulting in a Michaelis-Menten relationship between reactants (inputs) and products (outputs) (Figure 1A) (Fersht, 1985) . This relationship has the disadvantage that it saturates at high input levels, therefore the output is most responsive when the input concentration is low ( Figure 1B ). In isolation, this property cannot create the rich signal processing observed in nature (e.g., oscillators or excitable systems). Therefore, signaling pathways combine bimolecular reactions together in ways that result in more complex input-output functions. For example, a switch-like response can be achieved using enzyme cooperativity Qian, 2012 ). An ideal switch is maximally sensitive at a threshold concentration of input and is unresponsive at concentrations both above and below this threshold ( Figure 1C ). This response can be advantageous in situations where only one of two outcomes is desired.
For example, switches are used to make cell-fate decisions (Santos and Ferrell, 2008) .
While switches are useful, there are many situations where it could be desirable to respond above a minimal threshold but still be responsive to graded concentrations of input well above this threshold. A shifted Michaelis-Menten relationship (a MichaelisMenten response translated to the right along the substrate axis; see black curve in Figure 1C ) does not respond below a threshold, is maximally responsive at the threshold, but is still responsive above this threshold. This type of response can be achieved by several mechanisms, such as multisite phosphorylation or a suicide inhibitor (Fersht, 1985) . For example, if an inhibitor existed that irreversibly binds the substrate and sequesters it, there could be no response until the substrate concentration was higher than the inhibitor (Elf et al., 2005; Levine et al., 2007; Mehta et al., 2008) . At this point, the system would behave as if the inhibitor was not there, but the effective concentration of substrate would be the actual concentration minus the concentration of inhibitor. While responsive over a wider dynamic range than a switch-like response, this response still saturates at high input values, and thus the sensitivity to input decreases as input increases above the threshold ( Figure 1D ).
Signal saturation is a classical engineering problem. One solution is to insert a ''pre-distorter'' between the input and a system that saturates. If the input-output relationship of the pre-distorter is the inverse of the rest of the system, the resulting input-output relationship will be linear (Becskei, 2009 ). This type of linearization was demonstrated in a synthetic circuit by the addition of a specific type of negative feedback and negative regulation (Nevozhay et al., 2009) . While linear over a broad dynamic range, this system was not intrinsically thresholded, making it sensitive to low concentrations of input and saturated at high input values.
In contrast to shifted Michaelis-Menten response, a hybrid between the threshold and linear response, termed a linear rectifier, could guarantee that the system has no response below a threshold concentration and is linearly responsive above that threshold concentration. Linear rectifiers could in principle be extremely useful in responses where low levels of input should be ''ignored'' but the response needs to be maximally responsive over as wide a range of inputs as possible ( Figures 1C and 1D ). Nutrient regulation of growth rate and gene expression is a plausible system in which a linear rectifier could be useful (see Science Application for discussion). A linear rectifier could prove useful under any circumstance when a thresholded response is necessary, but linear relationship between input and output is also required over a larger than Michaelian range.
Here, we examine an enzyme reaction system that functions as a linear rectifier. It contains two features: (1) There is a strong competitive inhibition of the substrate, namely, the binding affinities of the inhibitor and substrate are similar, and (2) the total inhibitor and substrate concentration remain roughly constant. This motif had been carefully characterized in the context of ATP, ADP, and AMP binding to enzymes where the ATP binding is much stronger than that of ADP and AMP (Atkinson, 1968) . In this regime, the system can behave ultrasensitively to changes in ATP levels. We extend previous work on this motif by analytically showing that it can produce a response that is linear across its full dynamic range without saturating. This motif is robust to modest perturbations in this criterion and in the need to maintain a constant concentration of inhibitor plus substrate. Additionally, we . The Hill function and the Michaelian rectifier are akin to a step-like response; each has an ''on'' and ''off'' regime with a clear threshold and low sensitivity in each regime. However, the linear rectifier has a threshold that defines an ''off'' regime while being sensitive to the input across the whole ''on'' regime; the switch is not sensitive to changes in input concentration within the ''on'' regime. (E) Kinetic schema of a general enzymatic reaction that is prone to competitive inhibition. K M is the Michaelis-Menten constant of the substrate and K I is the inhibitor dissociation constant. (F) When the inhibitor levels are constant (black and green lines), the response is Michaelian. When the total substrate and inhibitor levels are constant, i.e., [S] + [I] = T, the response is linear throughout the entire range of the substrate (red line). (G) A contour plot of the normalized reaction rate. The dependence of the reaction rate on the substrate and inhibitor levels can be represented as trajectories in the S À I plane. When inhibitor levels are constant (black and green lines) these trajectories are parallel to the substrate axis. When the total level of the substrate and inhibitor is constant (green line), the trajectory has a slope of À1; this slope results in a linearized response.
show that combining this motif with a threshold mechanism or positive feedback creates a linear rectifier.
As an example of plausibility, we explain how these features could be biologically implemented in the context of histone acetylation and propose a series of experiments that could test this hypothesis (Science Application). While we describe this motif in the context of histone acetylation, the basic design could be ubiquitous.
RESULTS
Competition between Substrate and an Inhibitor That Are Conserved Can Lead to a Linear Response In the case of competitive binding between a substrate and an inhibitor ( Figure 1E ), the normalized reaction rate (ṽ) is (Supplemental Experimental Procedures, section I) Science Application. Biological Case Study: Histone Acetylation When cells are faced with low nutrient environments, they tend to not grow; as nutrient levels are increased, the growth rate increases proportionally (Yuan et al., 2013) . Several studies have suggested that gene expression for a number of genes linearly depends on growth. Expression of 60%-90% of genes is correlated with growth rate, implying that there is a global correlation between growth rate and gene expression (Keren et al., 2013) . The tight coupling between growth rate and transcription is still not fully understood (Wellen and Thompson, 2012) . A potential mechanistic link could be histone acetylation (Cai et al., 2011; Guan and Xiong, 2011; Haigis and Sinclair, 2010; Morrish et al., 2010; Schwer and Verdin, 2008; Takahashi et al., 2006; Wellen et al., 2009) . Acetylation of histones is a key transcriptional regulatory step that can have a large effect on gene expression (Wellen and Thompson, 2012) . Ac-CoA is the source of the acetyl group used by histone acetyl transferases (HAT) and it is also a key metabolite whose level is affected by nutrients and energy availability, with levels increasing during growth (Cai et al., 2011) . Ac-CoA increases have been shown to result in increased acetylation of histones on genes involved in growth, potentially providing a direct link between growth rate and transcription (Cai et al., 2011) . Here, we outline how the Spt-Ada-Gcn5-acetyltransferase (SAGA) complex from Saccharomyces cerevisiae, a key histone acetyl transferase (HAT) that is conserved from yeast to human Tanner et al., 2000) , could be a concrete example of a biological linear rectifier. 
It Is Plausible That Saga Responds Linearly to Changes in Ac-CoA Concentration
Acetylation of histones by SAGA (Grant et al., 1997; Kuo et al., 1996) involves the serial sequential formation of a ternary complex between SAGA, Ac-CoA, and histone ) (Science Application and S1; Supplemental Experimental Procedures). Two products result from the acetylation reaction: acetylated histone and CoA. Competition for Gcn5 binding between Ac-CoA and CoA may lead to a linear response, given that the following two conditions are met. Condition 1: the CoA dissociation constant for Gcn5, K D,C , (6.7 mM; Fan et al., 2015; Tanner et al., 2000) , is very close to the dissociation rate for Ac-CoA, K D,A (5.1 mM). In vivo, CoA and Ac-CoA concentrations are similar both in Escherichia coli (Chohnan et al., 1998) and in mammalian cells (Lee et al., 2014) . Thus, CoA is a physiologically relevant inhibitor of Ac-CoA in multiple organisms (Fan et al., 2015; Tanner et al., 2000) . Condition 2: the total concentration of Ac-CoA and CoA is conserved. Two lines of evidence support the possibility that in vivo CoA and Ac-CoA levels are interdependent. First, Ac-CoA and CoA levels are mechanistically coupled as there are a number
where K M is the Michaelian constant for the substrate and K I is the dissociation constant for the inhibitor. Competition does not change the V max of the reaction; instead the effective affinity constant for the reaction is changed. Although the presence of inhibitor affects the reaction rate, if the inhibitor levels are constant the response as a function of substrate is still Michaelian ( Figure 1F ). However, if the substrate and inhibitor levels are interdependent, a non-Michaelian response is possible, e.g., if the sum of the substrate and inhibitor is constant (Atkinson, 1968) .
If T = [S] + [I], Equation 1 can be rewritten as,
When the substrate and inhibitor dissociation constants are similar, K M z K I , the response becomes (Supplemental Experimental Procedures, section I),
Since K M and T are both constants, the response is linear with respect to substrate over the entire physiological range of substrate concentrations ( Figure 1F ). To understand the relationship between the substrate and the reaction rate when the substrate and inhibitor levels are interdependent, it is helpful to visualize the problem as a two-dimensional surface ( Figure 1G) . As the substrate level changes, the trajectory on the S À I plane in Figure 2C depends on the relationship between the substrate and inhibitor.
of cellular reactions that interconvert the two species. Second, Ac-CoA and CoA levels were measured in E. coli; while the ratio of Ac-CoA and CoA changed by over 10-fold across several different environmental conditions, the combined amount of these two metabolites varied by under 50% (Chohnan et al., 1998) .
When Combined with Thresholding, a Linear Saga Response Could Produce a Linear Rectifier
By analogy to multisite phosphorylation, multisite acetylation can impose an activity threshold. In Saccharomyces cerevisiae, at least three components of the SAGA complex are acetylated by the catalytic subunit of SAGA, Gcn5p. Based on chromatin immunoprecipitation, acetylated SAGA interacts more strongly to a ribosomal gene during growth phase relative to the non-acetylated SAGA, suggesting that the auto-acetylation of SAGA might play a role in enhancing its capacity as an acetyltransferase (Cai et al., 2011) . In addition, auto-acetylation has been suggested to affect histone acetyl transferase (HAT) activity in other systems (Yuan and Marmorstein, 2013) . A reaction scheme that combines multisite auto-acetylation with conservation of the total levels of Ac-CoA and CoA and competitive binding (Science Application) leads to a response that has both a sharp threshold and a linear regime (Science Application), i.e., a linear rectifier (Supplemental Experimental Procedures, section V).
Future Experimental Tests
There are several experiments that could help establish SAGA as a linear rectifier. In vitro experiments with purified components can establish whether the SAGA complex is capable of a linear response. While a number of in vitro enzymatic assays have been performed with SAGA, both in the absence and presence of CoA, unusual experiments need to be performed to identify a linear motif. Specifically, assays must be conducted at multiple different CoA levels while the total amount of Ac-CoA and CoA is held constant. To know whether an intrinsic ability to respond linearly is used in vivo, a different approach must be taken because direct control over intracellular Ac-CoA and CoA is difficult if not impossible. Therefore, the intracellular concentration of Ac-CoA needs to be measured in a number of different environments and compared to the amount of histone acetylation. This will directly measure whether the histone acetylation rate is linearly proportional to Ac-CoA. Further support for the proposed mechanism would be given if the total of Ac-CoA and CoA is nearly constant across conditions. Mutants such as acs1 that affect the level of CoA, Ac-CoA, or their ratio would help to separate whether the linear response is directly controlled by CoA/AcCoA levels or by some other nutrient-dependent signaling pathway. Additionally, three classes of mutants should exist: (1) mutants that affect the binding of CoA and AcCoA equivalently, (2) mutants that affect CoA and AcCoA binding differentially, and (3) mutants that affect feedback. The first and third class should shift the activation threshold without compromising the linearity of response; the first class would change the slope of the linear response. These two classes might be achieved, respectively, with a natural variant in gcn5 that affects binding e.g., gcn5 A190T and acetylation site mutants of SAGA. This change in threshold should be noticeable in experiments measuring growth rates in different, especially poor, nutrient environments. Additionally, these mutants could have significantly higher cell death at low nutrient levels that should be testable by viability assays. The second class of mutant could potentially be rationally designed with the aid of the crystal structure of Gcn5 (Trievel et al., 1999) . A mutant that bound AcCoA much better than CoA might be expected to saturate growth at a lower external nutrient concentration, which should be measurable by competition with wild-type strains in high nutrient environments. These potential decoupling mutants could allow for a deeper mechanistic examination of the regulation of growth control.
Horizontal lines in this plane i.e., constant inhibitor, result in a Michaelian relationship between input and reaction rate (green and black lines in Figures 1F and 1G ). Diagonal lines in this plane, S + I = constant, result in a linear relationship between the substrate and the reaction rate (red line in Figures 1F  and 1G ).
While the system is only linear when both K M = K I and [S] + [I] = constant, modest deviations from these equalities are still approximately linear (Figure 2A ), even when there are variations in the total sum of the substrate and inhibitor ( Figure 2B ; Supplemental Experimental Procedures, section I). Michaelian relationships are also approximately linear when the substrate concentration is well below the K M of the reaction. It is therefore possible to recapitulate the response of competitive inhibition with conservation of the total levels of substrate and inhibitor with a standard Michaelian reaction ( Figure 2C ), but this will come at the expense of making the reaction less efficient per unit enzyme ( Figure 2C ; Supplemental Experimental Procedures, section II). For example, to achieve the same response in a scenario where K I /K M = 1.3 and T/K M = 10 (similar to the case for the Ac-CoA/CoA system, Science Application) a Michaelian system would need an $37-fold higher K M and require V max to increase $4.5-fold ( Figure 2C ). In general, the affinity of a Michaelian system required to match the linear motif is K
and its maximal velocity is
Þ where the constants without stars are from the linear motif.
Competitive Binding Combined with a Thresholding Mechanism Can Lead to a Linear Rectifier The linear motif described above does not intrinsically have a threshold. General mechanisms, such as positive feedback (Alon, 2007) or multisite modification , can create a threshold. We therefore asked whether combining the linear motif with these thresholding motifs could create a linear rectifier. We first considered whether positive feedback can convert a linear response to a linear rectifier. One simple realization of positive feedback in a general catalysis scheme can be achieved by making the enzyme complex increase the level of enzyme ( Figure 3A) . In this case, the resulting reaction is a shifted Michaelian with a threshold that depends on the strength of the feedback and the enzyme affinity (Figures 3A-3C ; Supplemental Experimental Procedures, section III). Combining competitive inhibition with conservation of the total levels of substrate and inhibitor shifts the threshold toward higher substrate concentrations and linearizes the response (Figures 3B and  3C ; Supplemental Experimental Procedures, section III), thus resulting in a linear rectifier.
Second, we tested whether a second thresholding mechanism, multisite auto-activation, could also convert a linear response to a linear rectifier ( Figure 3D ). In the case of phosphorylation, experimental and theoretical studies Huang and Ferrell, 1996) have found that multisite phosphorylation in a signaling cascade can lead to a threshold behavior if multiple modifications are needed for the kinase's substrate to gain its activity. This situation is analogous to multisite acetylation. In the Science Application, we discuss the example of histone acetyl transferase auto-acetylation. In its simplest scenario, the ordered distributive case, auto-modification results in a shifted Michaelian response. The sharpness of the response depends on the number of auto-activation steps ( Figure 3E ; Supplemental Experimental Procedures, section IV). Combining competitive inhibition with substrate-inhibitor conservation retains the threshold of the response but linearizes above the threshold ( Figure 3E ; Supplemental Experimental Procedures, section IV). As in the case of the positive feedback, auto-modification converts a linear response into a linear rectifier.
DISCUSSION
In this study, we found that a relatively simple biological motif is capable of creating a response that is linear throughout the entire physiological range of substrate without saturating. The motif requires three features: (1) the reaction has a competitive inhibitor, (2) the total concentration of substrate and inhibitor is conserved, and (3) the affinities of the inhibitor and substrate for the enzyme are the same. This linear response can be combined with thresholding mechanism (e.g., positive feedback or multisite modification) to create a linear rectifier-a reaction that is linearly responsive over the full dynamic range when the substrate is above a threshold. Both rectification and linearization of a response have been described in other reaction schemes. For example, ''suicide inhibition'' approximates a rectifier (Elf et al., 2005; Levine et al., 2007; Mehta et al., 2008) and negative feedback with sequestration can result in a linearized response (Becskei, 2009; Nevozhay et al., 2009 ). Here, we show that a common motif, competitive binding, can in certain conditions have the underappreciated function of linearizing the response over the full dynamic range. Additionally, we show how this motif, when combined with thresholding mechanism such as positive feedback or multisite auto-modification, can lead to linear rectifier.
We propose histone acetylation as a plausible biological system that could behave as a linear rectifier (Science Application). A number of physiological and mechanistic experiments suggest that the system might have a linear response and the mechanistic properties required of linear rectifiers. However, the experiments that would be required to convincingly show that this system behaves as a linear motif or a linear rectifier have not been performed. This is not because testing for linearization and linear rectifiers is inherently difficult, but likely because it requires different experiments than are standard (Science Application), for example, in vitro experiments where both the substrate and inhibitor are cotitrated. There are multiple labs that study Spt-Ada-Gcn5-acetyltransferase (SAGA) that are well positioned for confirming or refuting this hypothesis with respect to histone acetylation. Many biological reactions form products that have very similar structures to one of the reactants and therefore have the potential to serve as conserved competitive inhibitors. In the case of histone acetylation, this inhibition could result from any of the components of the reaction: the co-factor (e.g., SAM/SAH), a recycled product (e.g., NAD + /NAM), or even the substrate (e.g., a peptide/phosphopeptide). This inhibition may shape metabolic responses in a non-trivial ways (Escalante-Chong et al., 2015) . While the relative ratio of substrate and product can change, the timescale of signaling is usually much quicker than changes in total metabolite concentration or protein, making mass conservation likely in many systems. In total, given the numerous ways that the necessary features for a linearizer and linear rectifier can be created, there are potentially numerous systems that may have these behaviors.
Linear responses and linear rectifiers have properties that can be useful in a number of biological processes. Linear responses allow for systems to be both proportionally responsive and have high total reaction rates without needing high enzyme levels. This could be a desirable property when the environment could vary over a wide range. For example, this type of linear response might have an advantage in the context of growth regulation: it allows a clear threshold that separates a non-growing state from a growing state while at the same time allows a sensitive growth adjustment in the growth state. Linear rectifiers also have very useful signal processing properties. The thresholding behavior naturally filters noise while the linear response maximizes information transfer; again this could be useful in a process like growth control where a cell might not want to commit to growth when nutrients are below a certain level. Additionally, linear rectifiers have been shown to be more versatile than sigmoidal functions in creating a wide range of output responses in neural networks (Nair and Hinton, 2010) , suggesting that linear rectifiers might play useful roles as modules inside more complicated metazoan signaling networks. In total, our work highlights how linear rectifiers can be achieved with biologically simple and potentially common motifs. 
I.
Competitive inhibition when the levels of substrate and inhibitor are interdependent
We start with the simplest case of competitive inhibition: a substrate, S, an enzyme, E, an inhibitor, I. In that case the rate of product formation is given by [1],
where E T is the total enzyme concentration, K M is the Michaelian constant for the substrate and K I is the dissociation constant for the inhibitor respectively.
The normalized rate is defined as,
We explored the specific addition condition that the concentration of the substrate is conserved, T = [S]
. This constraint would correspond to a situation where S and I are two interconvertible species, e.g. a product and reactant that have similar structures. In this case, the normalized rate becomes,
[ ] Deviation from linearity with relaxed conditions. Relaxation of condition 1 -Expanding around
Relaxation of condition 2 -We consider a simple case, in which the total levels of the substrate and inhibitor are increasing as the substrate level increases,
. In other words, this case represents the situation where new inhibitor is synthesized to adjust for its decreasing levels,
III. The effect of competitive binding on positive feedback
We consider the scheme described in Fig. 4A . The rate of production of P is given by,
Assuming all complexes are in quasi-steady state and enzyme conservations,
We consider the case in which the complex ES can also affect E. In the case of positive feedback, the
, where K f is the affinity of the complex ES to the binding site that regulate the production of P and α is the synthesis rate of the enzyme.
In the case of positive feedback the normalized rate is,
To account for competition with I we solve,
under the constraint that the levels of the substrate and inhibitor are constant
The normalized rate (Eq. (S14)) becomes, 
IV. Competitive binding with ordered distributive modification
We consider the schema depict in figure 4D . In steady state, one needs to solve,
[ ] 
Solving Eq. (S17) and Eq. (S18) yields,
( )
It's easy to see that when N = 0, Eq. (S20) is reduced to the standard Michaelian form.
In the case
V. Histone acetylation as a linear rectifier Histone acetylation as sequential ternary complex kinetic mechanism
Kinetic studies indicate that the process of histone acetylation by Histone acetyltransferases (HAT) is a sequential ternary complex kinetic mechanism [2] [3] [4] (Figure S1 ). Figure S1 : kinetic mechanism of histone acetylation, E denotes a HAT. Ac-CoA and CoA denote acetyl-CoA and CoA respectively. Ac-H and H denote acetylated and non-acetylated histone respectively.
Histone acetylation in the presence of competition
Ternary complex with competition inhibition simplifies to generic competitive inhibition.
We consider a reaction where CoA can bind to the HAT and compete with Ac-CoA ( Figure S2 ). Taking into account the CoA competitive binding, the equations in Eq. (S24) can be expanded to include
where,
, the rate of histone acetylation becomes per total enzyme is,
12
Ordered distributive auto-acetylation.
We consider a reaction where HAT has multi acetylation sites that are acetylated in an ordered distributive fashion and only the fully acetylated HAT promotes histones acetylation ( Figure S3 ). For Fig. 3 and Fig 4 we assume that all auto-acetylation/deacetylation steps occur at a similar rate. SIR is a deacetylating enzyme; E n denotes SAGA with n acetylated residues; k on,deA, k off,deA, and k cat,deA refer to the on, off, and catalysis rate of SIR for acetylated SAGA. Ordered acetylation of a HAT with multi acetylation sites without a load (C) and with a load (D).
We assume that the acetylation reaction is balanced by a constant catalyzed deacetylation reaction, e.g.
by a deacetylase, and hence can be subsumed into the single constant v d . The fraction of fully acetylated enzyme out of the total free enzyme in reaction scenario without a load ( Figure S3A ) is given by solving, Combining auto-acetylation and competitive inhibition with total concentration conservation.
In this case any modification step is prone to competition between acetyl-CoA and CoA. 
